A non-linear finite element for analysing elastic frame structures at large deflections is presented. A co-rotational technique combined with Classical beam theory with the inclusion of the effect of axial forces is adopted. The element nodal force vector is derived from the strain energy of the element. The element tangent stiffness matrix is obtained by differentiating the nodal force vector, with respect to the degree of freedom (d.o.f.). The obtained formulations have a simple and compact mathematical forms which are easy to implement into a computer program. An incremental interactive technique based on Newton-Raphson method is adopted to solve the non-linear equation and to trace the equilibrium paths of the structures. Numerical examples are presented to show the accuracy and efficiency of the proposed formulations.
Introduction
The use of finite element method in engineering practice is increasing rapidly. This trend is observed because the integrated use of finite element softwares in CAD can have a significant benefit on-the productivity of a design team, increase the funct ionality of the design and decrease its cost [ 1] .
Lately, the finite element method has proven to be very effective in linear analysis [2] , and the solutions have also been obtained for some non-linear prob• lems [3] . However, much research is now underway to solve the problems of the continuum mechanics and to improve the finite element formulations as well as numerical integration procedures and computer program implementation.
In the field of structural mechanics, the analyses of beam and frame structures are of great importance. With the fast development of computational technology, and the importance of the beam and frame structures in practical applications, the non-linear analyses on such kinds of the structures have become a central topic in the-structural mechanics . Various formulations for non-linear beams and frames using different strategies have been proposed [4, 5, 6] . . However, the proposed formulations are more or less complicated, or restricted to small rotations during the deformation process of the element. More effort on the development of efficient finite element formulat ions in the topic is still needed.
Recently, Kuo and Fang [7] proposed a finite element formulation for elastic frames by using the body attached co-ordinate method which is somehow similar to the co-rotational technique. The proposed formulation can remove the restriction of small rotations, but the obtained formulation for nodal force vector does not show explicitly the role of the attached co-ordinate. In addition, the element stiffness matrix presented in [7] is superimposed of the bending and geometrical stiffness matric~s of a b!isic beam element and the stiffness matrix .of the linear bar, which does not directly reflect the deformation characteristics of the element. The co-rotational technique has been used in a combination with the principle of virtual work for deriving the geometrically non-linear beam element [8] . The formulations obtained by using the technique are simple, but the derived procedure is not. Moreover, no example was given in [8] to show the accuracy and efficiency of the formulations. In this paper, a simple procedure for deriving geometrically non-linear frame element which can be used for analysing 2D frame structures at large deflections is presented. The proposal method based on the energy approach and the co-ro:-tational technique results in mathematical compact forms of the element formulations which are easily implemented into a computer program. Some numerical examples are also presented to demonstrate the accuracy and efficiency of the proposed element.
Beams and frames at large deflections
Assume a plane beam element in a fixed co-ordinates (x, z) with the x and z axes are directed along and perpendicular to the beam axis is considered. For small deflections, linear theory with the definition of engineering strain is adequate to model the behaviour of the beam. For large deflections, the problem is a geometrically non-linearity, and an approximate measure such as Green strain [3, 9] must be employed
where, u 0 and w are the axial and lateral displacements of material particles on the neutral axis of the element, respectively; z -the distance from the considering point to the neutral axis. For solving a non-linear problem in general, and the geometrically non-linearity in particular by finite element method, the tangent stiffness matrix and nod. al force vector are needed to construct the equilibrium equation [8] . The standard finite element procedure presented in [3] , for instance, produces the element stiffness matrix which is a combination of the small displacement stiffness matrix, initial stiffness matrix and large displacement stiffness matrix. The procedure to derive the stiffness matrix and nodal force vector from this standard procedure is, more . 2 1 (aw) . . h or less complicated, which partly caused by the non-linear part 2 aw m t e definition of the Green strain (2.1). In addition, the obtained stiffness matrix and nodal force vector are not ea. sy to implement into a computer program because of their complex forms. These difficulties can be remarkably reduced by using the energy method. and adopting the co-rotational technique which allows to use the definition of engineering strain. The co-rotational technique was initially introduced by Belytschko and coworkers for analysing dyn~mic problems [10, 11] . The central idea of this technique is to introduce local co-ordinate which oontinuously rotates and translates with the element. The technique for a typical 2D frame element is illustrated in the Figures l.a and l.b, where undeformed and deformed configurations of the element are respectively shown. The global co-ordinate (X, Z) is fixed in space, while the local one (x, z) is attached to the element, moves and rotates with it. The original of the local co-ordinate, x = z = 0, is always attached to the node 1 of the element, and the axis x is directed through the node 2. By using this co-rotational co-ordinate, the finite formulations of the element can be formed in the local coordinate by using the standard, small strain, small deflection relationship, and therefore the difficulties caused by the non-linear definition of strain (2.1) to the formation of the finite element formulations can be avoided. The obtained finite element formulations such as the element stiffness matrix, nodal force vector in the local co-ordinates are then transferred into the global co-ordinate by the use of transformation relationships which can be obtained from the rigid rotation of the local co-ordinate, respects to the global one. The global formulations are then assembled in a standard way of finite element method in order to obtain the structural stiffness matrix and nodal force vector, and construct a system of equilibrium equatio!ls for the structure. 
4. Finite element formulation
Kinematic relations and interpolations
Thanks to the definition of the local co-ordinate, the membrane strain and curvature of the element in the local co-ordinate can be assumed to be linear, and they are expressed as au ( 
4.1)
E:x = -, ax where, u, w respectively are axial and lateral displacements of the element in the local co-ordinate. In the finite element context, the displacements u and w can be interpolated through the element nodal displacements u 2 , (Ji and 8 2 {u1 .= V1 = v2 = 0) by using the standard interpolation scheme for the beam element, that is linear for u and Hermitian for w 
Nodal force vector and tangent stiffness matrix
The element nodal force vector and tangent stiffness matrix are derived in this Section by using the expression of element strain energy. For a frame element with length of Las shown in Figure 1 , the strain energy can be expressed through the lbcal strain and curvature as follows:
where, EA and EI represent axial and flexural rigidities, respectively. From ( 4.4) and with the.aid of symbolic computational software MAPLE [12] , the expression for strain energy ( 4.6) can easily be obtained as
The element nodal vector F EL with only three components: N L 2 -the axial force at node 2; ML 1 , ML 2 -the momel).ts at nodes 1 and 2, and the tangent stiffness matrix KEL in the local co-ordinate can be obtained as the first and second order derivatives of the strain energy U with respect to the local d.o.f. [3] :
As it is seen from (4.8) and (4.9), the obtained formulations for the element nodal force vector and stiffness matrix in the local system have quite simple forms. Since the strain energy of the element is invariant with respect to the co-ordinate, the global nodal force vector F EG with the aid of (3.2), can be written as This gives the global tangent stiffness matrix a mathematical compact form (4.14) with the (6 x 6) transformation matrices B 2 and B 3 (4.15)
The obtained formulations for the global nodal force vector and element tangent stiffness matrix ( 4.14), ( 4.10) are enough for constructing the equilibrium equations of the geometrically non-linear problem. The procedure foi computing the element nodal force vector and tangent stiffness matrix in the global co-ordinate is as follows: From the global d.o.f., the local d.o.f. are computed by using the equation (3.2) ; the transformation matrices B1, B2 and B3 are computed from (4.11) and (4.15); the local element nodal force vector and stiffness matrix are then computed from equations (4.8) and (4.9), respectively; at last, the global element nodal force vector and tangent stiffness matrix are then computed from the equations ( 4.10) and ( 4.14). The standard procedure of the finite element method is then employed to construct the structural stiffness matrix and internal force vector . 4 
.3. Equilibrium equation
The non-linear equation for the structure may be expressed by [3] 
Numerical exarriples
The obtained formulations were implemented into a computer program using MATLAB [13] . Wit h the aid of MAPLE software, the computer code was easily developed. Some tests are then performed to demonstrate the accuracy and effectiveness of the developed formulations .
Simply supported column under axial compressive force
The large deflection behaviour of the simply supported column under axial compressive force P at the end is used as the first test for the developed formulat ions. The column and its data are shown on Figure 2 .a. A small transverse load q = 0.0001 at the middle of the column is used as an imperfection. The problerri is well known as buckling of Euler column. An equilibrium path before and after critical state is sought here by using 16 elements. Figure 2 .b shows the relationship between the two quantities : P /Per -the ratio of the external load to the critical load, and d/ L -the ratio between midpoint deflection and the column length. As it is seen in the figure, a very good agreement between the present numerical result and the analytical solution [15] . The proposed element is not only well predicted the critical load but . the post-critical behaviour of the column also. 
. Cantilever beam under end moment
The cantilever beam under an end moment with the data shown in the Figure  3 is used as the second test . The calculated axial and vertical displacements Ueal., Weal. at the free end by using 16 elements are given in the Table 1 . The exact solutions [14] Uexaet, Wex a ct are also presented in the Table for the purpose of comparison. The result shows the accuracy of the proposed element. A toggle frame previous studied analytically by Williams [15] and numerically by Kuo and Fang [7] is used here to verify the proposed formulations. The geometry and material data of the frame are given in the Figure 4 .a. Only 4 elements were used to model the behaviour of the frame. The displacement control technique was adopted to overcome the difficulties due to the limit points in this case. The relationship between the external load P and displacement d of the loaded point is shown in the Figure 4 .b. The calculated result is very good in agreement to the analytical one. The maximum increment used in this example is 3.
Conclusions
The complication of the frame element under large deflection can remarkably be reduced by using the co-rotational technique. The technique used in a combination with the energy method resulted a mathematical compact forms of the finite formulations which benefit the procedure of implementation of the formulations into a computer program. The numerical examples have shown the accuracy and efficiency of the developed formulations .
